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Abstract— underwater targets in multistatic active sensor
fields using the Probabilistic Data Association Filter with
Amplitude Information (PDAFAI). Target strength distribu-
tions as a function of aspect of expected targets are used
to develop a new characterization of the signal-plus-noise
probability density function that can account for knowledge
of a target’s aspect as a track develops or for the lack of such
knowledge for newly created tracks. These density functions
are then used in the amplitude likelihood ratio to provide
more accurate data association.

Index Terms— Tracking, filtering, estimation, target
strength.

I. INTRODUCTION

This paper presents results and further study of previous
work in which a sonar tracking algorithm was adapted
to the acoustic propagation environment [1], [2]. Lerro
and Bar-Shalom previously showed how a contact-based
sequential state estimator could be modified to incorpo-
rate measured contact amplitude into the data association
step [3], [4]. Such methods require the probability density
functions (PDFs) for the noise-only and signal-plus-noise
observation cases. In active sonar, the signal-plus-noise
PDF is dependent on the expected signal-to-noise ratio
(SNR) of a target echo. In reverberation-limited conditions
SNR can be expressed via manipulation of the sonar
equation [5] as

SNR = SL− (TL1 + TL2) + TS −RL, (1)

where SL is the source level, TL1 and TL2 are the
transmission losses (accounting for all propagation effects)
on the source-to-target and target-to-receiver paths, RL is
the equivalent plane-wave reverberation level, and TS is
the target strength, with all terms in units of dB.

Krout et al. [1] showed how using measured reverber-
ation data can be used in two ways to improve tracking
results. First, a Generalized Pareto distribution was used
to more accurately characterize the noise-only observation
PDF. Second, ocean bottom parameters estimated from
the reverberation data were used as inputs to an acoustic
modeling tool to provide better values of TL and RL for
estimating SNR. Pitton et al. [2] extended the PDAFAI
algorithm by incorporating a target strength dependence.

This paper will concentrate on tracking results using
target strength (TS) information in the PDAFAI algorithm.
Results for the TNO Blind data set and the SEABAR
’07 sea trial will be presented. The TNO blind data set
was created by researches at TNO Defence, Security and
Safety (The Hague, The Netherlands) for use by the Multi-
Static Tracking Working Group (MSTWG). The SEABAR
’07 sea trial was an experiment conducted by the NATO
Undersea Research Lab (NURC) [6], [7] on the Malta
Plateau.

Section II of this paper will review the mathematical
basis for the Probabilistic Data Association Filter with
Amplitude Information (PDAFAI), which is the framework
under which these improved SNR estimates are being
incorporated. Section III will summarize the statistical
method for including the TS term of Eq. 1 for use in
the PDAFAI formalism [2]. Section IV will show tracking
results from the TNO Blind Data set and SEABAR ’07 sea
trial. Section V will summarize the paper and discus areas
of continued work.

II. PROBABILISTIC DATA ASSOCIATION FILTER WITH
AMPLITUDE INFORMATION

A. Mathematical Description

Much of this material is presented elsewhere ( [1], [3],
[4]), but is included here for context and completeness. A
standard approach to target tracking is to formulate it as
a sequential estimation problem with the target dynamic
motion model written in the form

xk+1 = Fxk + Gvk, (2)

where xk is the target state vector at time k in Cartesian
coordinates (e.g., two-dimensional position and accompa-
nying velocity components), and vk is an additive white
Gaussian noise (AWGN) vector (i.e., innovations process).
In sonar applications the measurement vector zk is typically
made up of a range and bearing with respect to the receiver,
and is nonlinearly related to the target state according to

zk = h(xk) + wk, (3)

where wk is AWGN.
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Tracks are formed and maintained on contacts that
have exceeded a predefined threshold τ , set to achieve a
desired probability of false alarm (PFA) based on a priori
data PDFs. The value of τ also defines the contact-level
probability of detection (PD) for target contacts with an
expected level of SNR. The PDAFAI [3], [4] estimates
SNR from the target and false contact statistics and uses
the amplitude of the contacts together with the estimated
SNR in the track association stage of the tracker.

The standard assumption for development of PDAFAI is
that the background interference (reverberation) envelope
is Rayleigh distributed and properly normalized such that
the PDF for noise-only threshold crossings can be written
as

pτ0(a) =
a

PFA
exp(−a2/2) , a ≥ τ. (4)

Note that this is a standard Rayleigh distribution with
parameter 1, normalized by PFA to account for the fact
that we are considering only values that have crossed the
threshold τ (PFA is the integral of the pure Rayleigh
distribution from τ to∞). Using a Swerling I target fading
model (i.e., slow fading, such that the target amplitude is
essentially constant on a given ping, but varies randomly
ping-to-ping), the signal-plus-noise envelope can also be
shown to be Rayleigh distributed (see [3] and references
therein):

pτ1(a) =
a

PD(1 + d)
exp(−a2/2(1 + d)) , a ≥ τ, (5)

where d is the SNR in energy terms, i.e.,

d = 10(SNR/10), (6)

where SNR is in dB, as in Eq. 1. Again, this is the
standard Rayleigh distribution with parameter (1 + d),
but normalized by PD to account for the thresholding
operation.

Given the ith contact at time k with amplitude aik, the
amplitude likelihood ratio

λi =
pτ1(aik)
pτ0(aik)

(7)

is used to modify the standard PDAF association probabil-
ities [4]. The probability that none of the i = 1, . . . ,mk

validated measurements at time step k are from the target
are denoted as β0. The association event probabilities, βi,
are defined as the probability that the ith measurement is
from the target all others are not. The beta’s are calculated
by

β0 =
b

b+
mk∑
j=1

ejλj

and βi =
eiλi

b+
mk∑
j=1

ejλj

, (8)

where

ei =
N (vi; 0,S)

PG
and b = mk

1− PDPG
PDPGV

. (9)

Here PG is the probability that the measurement lies in the
track gate, N (vi; 0,S) is a Gaussian PDF with argument v
(the ith measurement residual), mean zero, and covariance
matrix S. V is the volume of the track validation gate.

B. Additional Tracking Details

• Track management is handled using an M/N/K style
logic.

• The two counts maintained per track are total num-
ber of associated contacts (A) and consecutive pings
without a contact (B). If A reaches M then the track
is confirmed. If the track has not been confirmed
and B reaches N, the track is deleted. If the track
is confirmed and B reaches K, the track is deleted.

• Every method for associating new contacts assigns
a probability that each new contact is true. If that
probability is less than 10% the new contact is rejected
and the counts are adjusted.

• Each contact is associated with at most one track (if
a tie occurs the new contact is associated with the
track with the smallest state uncertainty projected into
the measurement space) obviating the need for track
merging.

• The main mechanism by which tracks are deleted is
when the state uncertainty exceeds a set threshold. A
false or lost track receives relatively more contacts
near it’s gate limit and through PDA the state uncer-
tainty grows increasing the size of the gate. Setting
a threshold for this feedback behavior and using the
one track per contact rule has worked well.

• For the TNO blind data set, all permutations of
M={3,4,5}, N={2,3,4}, K={5,7,9} were explored and
then the values of M=3,N=2 and K=7 were used.

• For the SEABAR data set the values M=6,N=2 and
K=7 were used.

III. TARGET STRENGTH

A. Monostatic and Bistatic Considerations

Much of the following material was presented in [2]
and is repeated here for completeness. Target strength
(TS) is the term of the active sonar equation (Eq. 1) that
describes the amplitude of the echo returned by a target.
Figure 1 shows a typical polar plot of monostatic target
strength vs. aspect. A nominal elongated object is seen
at the center of the polar plot, so that if a monostatic
sonar is considered to be positioned at some azimuth angle
along the outside of the plot, the target strength value
at that angle would be the value that should be used in
the sonar equation. Although complicated bistatic models
can be used, a common approximation called the “bistatic
theorem” [5] is often employed:

TSbi(θ1, θ2) = TSmono

(
θ1 + θ2

2

)
. (10)

Here, θ1 is the azimuth angle from the target scattering
center to the acoustic source, and θ2 is the corresponding
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Fig. 1. Monostatic target strength vs. aspect for an elongated object
(after Fig. 9.15 of Urick [5]).

angle to the receiver. The bistatic TS is then considered to
be the monostatic TS at the bisector of these angles.

Accurate description of TS in PDAFAI methods for fixed
multistatic sonar systems is critical for two reasons. First,
since targets of interest are typically moving with respect to
the fixed sources and receivers, the bistatic target strength
will change as a function of time. In order to accurately
represent the expected SNR, this change of bistatic aspect
in the new expected target position must be taken into
account. Second, target strength is a strong function of
source/target/receiver geometry, meaning that for a given
ping from a source, different receivers will be exposed
to differing target strengths from the same target. Both
these concepts are illustrated in Fig. 2. Note that as the
elongated target moves upward in the picture, the bisector
of the incident and reflected angles changes. Referring
back to Fig. 1, the derivative of TS with respect to aspect
is largest near broadside and end-on aspects, leading to
quickly changing values of TS as the target moves through
these aspects with respect to the source and receiver.

B. Incorporating Target Strength Into the PDAFAI

Define d0 as the SNR (as used in Eq. 5) with TS set to 0
dB. Assuming a monostatic case for the moment, TS can
be considered to be a function of the aspect angle θ, and
the expected SNR likewise, such that

d(θ) = TSe(θ)d0, (11)

where

TSe(θ) = 10(TS/10). (12)

Fig. 2. Multistatic target strength considerations. S signifies an acoustic
source, and R1 and R2 are two receivers. Target strength will vary as
targets move, and as a function of receiver position for a given source.

The signal-plus-noise PDF is then a conditional distribution
dependent on the aspect angle:

pτ1(a|θ) =
a

PD(1 + d(θ))
exp(−a2/2(1 + d(θ))). (13)

The marginal signal-plus-noise PDF is obtained by mul-
tiplying the conditional PDF by the distribution of aspect
angle, and integrating over all angles:

pτ1(a) =
∫
pτ1(a|θ)f(θ) dθ. (14)

For initial contacts, the aspect angle distribution f(θ) is
uniform on [0, 360] degrees. Once a track is formed, the
mean aspect angle to the target θ̄ and its variance σ2

θ can
be computed from the estimated target state (location and
velocity) and its covariance. We assume the aspect angle
PDF is Gaussian:

f(θ) = N(θ − θ̄, σ2
θ). (15)

For bistatic systems, aspect angle distributions can be de-
fined for both source-to-target and receiver-to-target angles
θ1 and θ2, such that the marginal PDF is given by:

pτ1(a) =
∫ ∫

pτ1(a|θ1, θ2)f(θ1)f(θ2) dθ1dθ2. (16)

This equation simplifies to a single integral if the bistatic
theorem is applied. The PDAFAI algorithm then proceeds
as before. We term this approach as the PDAFAIwTS
(PDAFAI with Target Strength).
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IV. TRACKING RESULTS

Results will now be presented for the PDAFAIwTS algo-
rithm on the TNO blind data set and SEABAR ’07 data.
The PDAFAIwTS will be compared to the PDA and the
PDAFAI algorithms. It was found that for the TNO blind
data set, including TS information did not show conclusive
improvement. However, tracking results for the SEABAR
’07 data showed more consistent improvements when TS
information was included.

A. Signal-Plus-Noise Distributions

As was shown in [2], Raleigh and Swerling distributions
do not always fit the data best. Initially both the TNO and
the SEABAR data did not seem to match our expectations
of the range and target geometry dependence of amplitude.
For both data sets we used initial tracking results to define
a clutter and a true contact probability density function
over bistatic range, amplitude and bistatic aspect. Using
the probability density functions directly in the tracker
(PDAFAI uses just the marginal PDF over amplitude and
range) we see a trend of improvement with increasing
model complexity (PDA, PDAFAI, and PDAFAIwTS).

Attempting to get back to physically defined methods we
then used contact data to calculate the coefficients for target
strength and transmission loss terms in the sonar equation.
Given the SNRs, bistatic ranges, and aspects present in
the data we solved for the most likely coefficients for the
target strength and transmission loss terms. For PDAFAI
the target strength was simply assumed to be constant.
The distributions were fit to the clutter amplitude. A K-
distribution was used for the TNO data and a log based
distribution was used for the SEABAR data. Tracking
results for both data sets using the appropriate distributions
will be shown next.

B. TNO Blind Data Set

Figure 3 shows a zoomed in plot of all the contacts along
with the sensor tracks for the TNO blind data set. There
is one monostatic sensor (red pluses and circles) and two
sets of bistatic sensors (blue and green pluses and circles).
The dots are the contacts with the size dependent on
the amplitude of the contact. With the contacts plotted
in this manner, targets can be visually identified. This is
an obvious clue that using amplitude information in any
tracking algorithm should improve performance. There are
four targets in this scenario, three which can be seen in
Figure 3. The fourth target is outside the zoomed portion
that is displayed.

In order to establish a baseline, a standard PDA tracker
was used to process the data. The results can be seen in
Figure 4. The true target positions are plotted as colored
lines (blue, red, and two green lines) and the blue dots
represent confirmed tracks. All the targets are tracked
although there is some track fragmentation as well as quite
a few false tracks.

Fig. 3. All contacts and sensor locations for the TNO Blind Data Set. The
dots represents all the contacts. The larger dots represent contacts with
high amplitudes. The circles and pluses represent the sensor locations.

Fig. 4. Tracking results for the PDA on the TNO blind data set. All
confirmed tracks are displayed (blue dots) as well as the true targets (solid
lines). All the targets are tracked as well as many false tracks.

PDAFAI results are shown in Figure 5. It is clear in
Fig. 5 that there are less false tracks compared to Fig.
4. This should be no suprise when considering Figure
3, which clearly shows the high amplitudes of the target
contacts. PDAFAIwTS results are shown in Figure 6. The
results are very similar when comparing the false tracks
and localization errors. This is mainly due to the target
contacts having such a high amplitude, as seen in Fig.
3. A more sophisticated amplitude model is not needed
when the target contacts have such a high amplitude. Figure
6 also reveals an issue with including target strength.
The target in the bottom right fails to initiate early in
the simulation. In this case, including the target strength
caused the target to be initiated later than when using the
PDAFAI algorithm. Although this is only one example,
this does show there can be downfalls when including the
target strength information. It is also possible that poor TS
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Fig. 5. Tracking results for the PDAFAI on the TNO blind data set. All
confirmed tracks are displayed (blue dots) as well as the true targets (solid
lines). All the targets are tracked and there are less false track compared
to PDA.

estimation could be the cause of the errors.
A more thorough evaluation of PDAFAI and PDAFAI-

wTS is shown in Figure 7. In order to test the PDAFAIwTS
more rigorously, the dataset was artificially made more
difficult by lowering the amplitudes of the target contacts.
The threshold for preprocessing contacts was also varied so
that the output reflects slightly different performance metric
priorities. Each point in Figure 7 represents a different
offset value for the target amplitudes and threshold. The
two metrics that are compared are the track probability
of detection and the track false alarm rate. The track
probability of detection is defined as the percentage of time
the target is tracked for the entire simulation. The track
false alarm rate is the number of false tracks per unit time.
A more detailed discussion of these metrics can be found
in [8].

The high amplitude targets in this data set make it
difficult to draw concrete conclusions about the effects of
including TS information. Figure 7 shows that when the
target amplitudes are lowered there is no clear improvement
in track probability of detection by incorporating target
strength information. In most cases the track probability
of detection is lower although within .05 percent. It is
possible that the target in the lower right is the primary
reason for a lower track probability of detection as evident
in Fig. 6. The track false alarm rate also does not show
clear evidence to support improvement. Since the results
for this data set are inconclusive, we also examined the
SEABAR data which will be discussed next.

C. SEABAR Results

The SEABAR ’07 sea trial was conducted by NURC in
the Malta Plateau, south of Italy. More details on the sea
trial can be found in [6], [7]. There were several target
scenarios and we will focus on two of the runs (A01

Fig. 6. Tracking results for the PDAFAIwTS on the TNO blind data set.
All confirmed tracks are displayed (blue dots) as well as the true targets
(solid lines). All the targets are tracked.

Fig. 7. Comparison plot for the PDAFAI vs. PDAFAIwTS using the
TNO blind data set. The two metric compared are the track probability
of detection and the track false alarm rate. The x and y axes represent the
difference in the two metrics for the two tracking algorithms. Ideally
all points would be in the upper right quadrant, which would mean
PDAFAIwTS outperforms PDAFAI in all cases.

and A56). We used the contacts from the CW and FM
waveform transmissions. The sea trial consisted of one
fixed source and three fixed receivers with towed echo
receivers mimicking targets. The amplitudes for the target
contacts were replaced with amplitudes that are aspect
dependent using the BASIS TS model. There are many
false contacts which makes for a difficult data set for
tracking algorithms. In developing a TS model to use with
this data set we first created probability density functions
(PDF’s) based on all the contacts. These distributions
are three dimensional (range, SNR, and aspect) and the
marginal PDF’s are show in Figure 8. The top row are the
false contacts and the bottom row are the target contacts.
These distributions are then used in Equation 7 in place of
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Fig. 8. Marginal PDF’s for the SEABAR ’07 data, runs A01 and A56.
Top row is for the clutter contacts and the bottom row is for the target
contacts.

Fig. 9. Comparison plot for the PDAFAI vs. PDAFAIwTS using the
SEABAR data. The two metric compared are the track probability of
detection and the track false alarm rate. The x and y axes represent the
difference in the two metrics for the two tracking algorithms.

the Raleigh and Swerling models.

Figure 9 is a scatter plot similar to Figure 7 for the
SEABAR ’07 data, runs A01 and A056. Each data point
represents a tracking result using shifted target amplitudes
and a varied preprocessing threshold. The track probability
of detection did not show an overall improvement, which
is expected because for most of the tracking simulations
the target was tracked for the entire simulation. On the
other hand, we see a trend of improved results for the track
false alarm rate. This plot provides further evidence that
including TS information can help decrease false tracks.
The next step will be to test this data set with more general
TS models.

V. CONCLUSION

This paper has reviewed a formal methodology for in-
corporating target aspect and target strength estimates
into a PDAFAI tracking algorithm, and presented tracking
performance results. The PDAFAIwTS was developed by
conditioning the signal-plus-noise density on target aspect,
and calculating a marginal density using an aspect distri-
bution. The aspect distribution could be uniform for initial
track formation, but become narrower as a track develops
and target velocity, and hence aspect, can be estimated.

Results from the TNO blind data set were shown,
comparing the PDAFAIwTS to the PDAFAI. The high SNR
of the targets in the TNO blind data set is a limiting factor
in the performance improvement when including the TS
modeling. It is relatively easy to track the targets in the
data set with simple amplitude modeling. Including the TS
modeling does little to improve the results. The tracking
results for the SEABAR ’07 data showed that improve-
ments can still be realized by including TS information.
We look to further investigate the SEABAR ’07 data set
with a more general aspect dependent model to see if
further improvements on the PDAFAIwTS can be made.
Further extensions to the method will be made to include
probabilistic statements of the other terms in the sonar
equation, as well as include cases where multiple classes of
potential targets may need to be considered in development
of the aspect and target strength distributions.
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